Starting from the general expression of the free-energy function of a saturated porous medium at finite deformations in the case of compressible fluid and solid constituents, and from the internal dissipation increment, the general expressions of the plastic potential and flow rule are deduced together with the general form of the consistency condition. Reference is made to an elementary volume moving with the solid skeleton in a Lagrangian description, which is treated as an open system from which the pore fluid can flow freely in and out.
Introduction
Papers dealing with the elastoplastic behaviour of porous media at finite strains typically reflect the two historical approaches in the literature to the constitutive modelling of porous media, namely: mixture theories and the so-called 'purely macroscale theories'. In the former, the porous media are represented by superposed and interacting continua and the field equations of each constituent are derived from averaging processes (Morland, 1972; Bowen, 1976 Bowen, , 1982 , whereas the latter were first proposed by Biot (1972 Biot ( , 1973 Biot ( , 1977 and later by Coussy (1989) , and assume that the standard concepts of continuum mechanics are still relevant on a macroscale (Coussy et al., 1998) . It is worth recalling that it is generally accepted that an equation is missing in mixture theory for a saturated porous medium (e.g. Svendsen and Hutter, 1995) , so several approaches have been suggested to overcome this drawback (see De Boer, 1996 , for a review of the various proposals). Within this framework, Gray and Miller (2005) have recently proposed a thermodynamically constrained averaging theory starting from the microscale constituent continua to the macroscale. This approach was later applied by Gray and Schrefler (2007) to small-strain, multiphase media, recovering the traditional form of Biot's coefficients.
Within the framework of mixture theories, the first papers taking the elastoplastic behaviour of the solid material into account are those by Morland (1972) , Kojić and Cheatham (1974) , De Boer and Kowalski (1983) , and De Boer and Ehlers (1986) , each of them based on different simplifying assumptions, such as geometrically linearised theory, the special multiplicative decomposition of the finite deformation gradient F, the incompressibility of the fluid and solid constituents, or the small, elastic strains of the solid constituent. Among the first works based on 'purely macroscale theories', there are those by Carter et al. (1977 Carter et al. ( , 1979 and Prevost (1980) , that consider incompressible solid constituents and are based on the Jaumann stress rate in an updated Lagrangian approach (see also Meroi et al., 1995) . In particular, the latter assumption may lead to unphysical responses (Johnson and Bammann, 1984) , and that is why the most recent solutions are based on hyperelastic formulations.
It is generally agreed that the assumption of incompressibility of the solid grains immensely simplifies the relationships (Bennethum, 2006) , because the coupling between the solid and fluid phases is much weaker in this case. That is why the compressibility of the solid constituent has mostly been neglected in the engineering applications and constitutive models for considering porous media at finite strain proposed so far. For instance, Ehlers (1991) , Borja and Alarcon (1995) , Diebels and Ehlers (1996) and Larsson and Larsson (2002) , Sanavia et al. (2002) all considered incompressible solid constituents. Alternatively, the compressibility of the solid constituents has been considered by means of simplifying assumptions: Advani et al. (1993) and De Boer and Bluhm (1999) adopted the semilinear theory suggested by Biot (1973) , Coussy (1995) proposed a linear extension of Biot's classical poroelasticity to small (not necessarily infinitesimal) deformations, Armero (1999) treated the compressibility of the constituents in a simplified way, considering Biot's parameter as a constant (as in linear theory), Bernaud et al. (2002) considered small elastic strains associated with large plastic deformations, thus obtaining constant Biot coefficients, Larsson et al. (2004) identified the solid constituent with the fibre bundles being wetted with resin in the processing of fibre composite materials and neglected the role of the intergranular stress on the compaction of the solid constituent, whereas Borja (2006) proposed a geometrically nonlinear theoretical framework based on the current configuration in which the definition of effective stress proposed by Nur and Byerlee (1971) for small strains is recovered with non-constant coefficients.
The compressibility of the solid constituents within an elastoplastic model of porous media at finite strains was considered by Ehlers (1993) , who provided the general functional dependence of constitutive relationships within the framework of mixture theories for second-grade porous materials, working on the simplifying assumption that the solid constituents can only undergo reversible volume changes. Unfortunately, the effects of the microscopic volume changes of the solid constituent on the macroscopic deformation of the solid skeleton were not discussed clearly. Gajo (2010) recently proposed a fairly general method for defining the free energy density function of saturated porous materials with compressible solid and fluid constituents within the framework of 'purely macroscale theories'. Reference was made to an elementary volume moving with the solid skeleton in a Lagrangian description, so -in contrast with mixture theories -the free energy density is not the simple sum of the free energies of the single constituents. The aim of the present work is to exploit the general expression of the free energy density function proposed by Gajo (2010) to extend a widely-adopted, finite-strains, elastoplastic constitutive approach for single-phase media (e.g. Lubliner, 1990; Maugin, 1992; Simo, 1998) to saturated porous media; this is in the conviction that the proposed extension is not limited to the particular constitutive approach to single-phase media taken into account, although the definition of the 'plastic deformation rate' is somewhat restricted, because it is constrained by the need to provide consistent evaluations of the dissipation rate in the case of incompressible fluid constituent.
The elementary volume is treated as an open system from which the pore fluid can flow freely in and out. As a result, the strain-like variables are a suitable measure of the solid skeleton deformation and the pore fluid mass content, whereas the work conjugated stress-like quantities are the appropriate measure of the total stress (which is work-conjugated to the selected measure of the solid skeleton deformation) and the chemical potential of the pore fluid. The usual multiplicative decomposition of the deformation gradient F into an elastic F e and a plastic F p part is associated with the additive decomposition of the mass content of pore fluid into an elastic and a plastic part, as first proposed by Armero (1999) . The resulting constitutive model takes large-strain microscopic, either reversible or irreversible, volume changes of the solid constituent into account. The classical Prandtl-Reuss relationships of the geometric linear theory for single-phase media are thus generalised to the finite-strain multiplicative elastoplasticity for saturated porous media with compressible constituents.
The content of the paper can be outlined as follows. The assumed kinematic relations with the usual intermediate configuration and the Clausius-Planck inequality are described in Sections 2 and 3, respectively, whereas the hyperelastic formulation proposed by Gajo (2010) is briefly recalled and extended to the context of irreversible deformations in Section 4. The Clausius-Planck inequality is subsequently exploited in Section 5 for deducing the basic structure of the elastoplastic relationships. The consistency condition and the hyperelastoplastic rates are given in Section 6, in the general case of irreversible volume changes of the solid constituents. In Appendix C the following particular cases are analysed in detail: (i) null plastic volume changes in the solid constituent; (ii) the incompressibility of the solid constituent; (iii) the incompressibility of both the fluid and the solid constituents; (iv) quasi-linear theory (in which the solid constituent is assumed to be nearly incompressible, thus undergoing small volume changes, Biot, 1973); and (v) geometrically linearised theory. As a particular case of item (v), the approach proposed by Loret and Harireche (1991) and by Coussy (2007) for saturated porous media at small strains with solid constituents undergoing only reversible volume changes is fully recovered. Although the constitutive relationships are proposed for the intermediate configuration, useful hints are given for defining the constitutive relationships in the reference or in the current configuration as well.
In the most general case, the constitutive equations turn out to have a coupling of elastic and plastic properties (i.e. elastoplastic coupling) associated with a non-symmetric tangent operator. The relationships are largely simplified for a null plastic volume change of the solid constituents (case i), however, or for the incompressibility of the solid constituents (cases ii and iii), because the tangent constitutive operator becomes symmetric due to the associated flow rule, despite the elastoplastic coupling, which disappears only in the case of geometrically linearised theory (case v), where the tangent constitutive operator is symmetric for any kind of behaviour of the solid constituent (provided the flow rule is associated).
Notation: four tensorial products will be used, that can be defined as follows:
for every second-order tensor A, B and C.
Kinematic relations
Let x = u(X, t) denote the current position (with x 2 B in the current configuration BÞ of the solid skeleton particle having the initial position X 2 B 0 in the reference configuration, B 0 . Moreover, let F = Grad u, and J = det F denote the deformation gradient and its Jacobian, respectively, whereas L ¼ _ FF À1 is the spatial gradient of the spatial velocity field (i.e. gradv). The current infinitesimal volume dX of the solid skeleton is obviously related to its initial material volume dX 0 , through dX = J dX 0 . The volume occupied by the pore fluid in the reference configuration is n 0 dX 0 , where n 0 is the initial porosity in the reference configuration; let n denote the current porosity. If q w and q w0 denote the current and the initial density of the pore fluid, respectively, let J w denote their ratio, namely J w = q w0 /q w . The initial pore fluid mass content in the infinitesimal volume of solid skeleton dX 0 is dm w0 ¼ q w0 n 0 dX 0 ; ð1Þ whereas the fluid mass content in the current configuration is dm w ¼ q w n dX; ð2Þ which can obviously be rewritten as
Let m w and m w0 denote the initial and the current fluid mass content, both expressed per unit volume of the solid skeleton in the reference configuration, namely m w ¼ dm w =dX 0 and m w0 ¼ dm w0 =dX 0 , then from Eq. (3) the ratio J w is
where the term nJ coincides with the Lagrangian porosity defined by Coussy (2007) for unsaturated porous media at small-strains. Finally, the variation in fluid mass content (obviously coinciding with the mass of pore fluid exchanged) per unit volume of the undeformed solid skeleton, m w , is given by the difference between the current and the initial fluid mass content
Note that the Lagrangian quantity m w plays the same role of the Lagrangian porosity, nJ, introduced by Coussy (2007) within the framework of small-strain theory.
Likewise, let q s0 and q s denote the initial and the current density of the solid constituent, respectively, and let J s define their ratio
Note that J s also represents the local ratio of the deformed to the undeformed volume of the solid constituent, namely J s = dX s /dX s0 , where dX s = (1 À n)dX is the volume of the solid constituent in the current configuration and dX s0 = (1 À n 0 )dX 0 is the volume of the solid constituent in the reference configuration. As a result, the current porosity n is given by (e.g. Morland, 1972) n
Kinematic relations in the case of irreversible deformations
The usual multiplicative decomposition of the deformation gradient F into an elastic F e and a plastic F p part will be taken into account
The multiplicative decomposition of F implies the introduction of an intermediate configuration, which is generally incompatible and locally stress-free (Kröner, 1960; Lee, 1969) , denoted as B int (see Fig. 1 ). Note that from Eq. (8)
with J e = det F e and J p = det F p . The volume compression of the solid constituent is also assumed to be multiplicatively decomposed into an elastic and a plastic fraction
Moreover, the variation in fluid mass content m w is assumed to be additively decomposed into m w ¼ m 
and consequently, from Eq. (5), the 'initial' fluid mass content m Ã w0
can be rewritten as
The 
Bearing in mind the well-known fact that the multiplicative decomposition is not unique (in fact the intermediate configuration is determined except for the rotations), all constitutive equations in elastoplasticity must be invariant with respect to rotations of both the intermediate configuration and the reference configuration (Haupt, 2000) . So the flow rule (defined below) enables us to determine F p except for the rotations, which can be arbitrary for isotropic behaviour.
where
e L p (denoted as the 'plastic distortion rate' by Mandel, 1972 
is exactly the push forward of e L p to the current configuration (e.g. Steinmann, 2002) . Likewise,
are the pull back of L e and L, respectively, to the intermediate con- Miehe, 1994) . From now on, the quantities defined in the intermediate configuration B int will be denoted with a superposed (~). The basic relationships that can be deduced from Eqs. (17) and (18) are generally accepted in the literature for single-phase media (e.g. Lubliner, 1990; Maugin, 1992; Simo, 1998) and are applied here to saturated porous media. However, we believe that any other different elastoplastic approach proposed for single-phase media could also be incorporated in the elastoplastic framework proposed here for saturated porous media, providing the dissipation computed in terms of pore pressure is consistent with the dissipation computed in terms of the chemical potential, when the fluid and the solid constituents are incompressible (see Subsection Incompressible fluid and solid constituents of Appendix C).
For the sake of convenience, let us use the letters 'e' and 'p' as both superscript and subscript to denote the reversible and irreversible quantities, respectively.
The stress power and the Clausius-Planck inequality
The stress power and the Clausius-Planck inequality are important for the formulation of consistent constitutive equations, so they are recalled in this section. The balance equations may help to give a more complete picture of the mechanical and hydraulical response of saturated porous media under finite strains, however, so they are briefly recalled in Appendix A for the sake of completeness.
A control volume of porous material saturated with an inviscid compressible fluid constitutes an open system where the pore fluid can enter and exit. From the classical concepts of thermodynamics (see for instance Haase, 1969) , for such an open system the stress power _ W 0 is given by the sum of the work done by the total stress in the corresponding work-conjugate strain rate (i.e. the selected stress and strain measures must obviously be work-conjugate) and by the chemical potential of the pore fluid l w during the addition/subtraction of fluid mass _ m w . The stress power _ W 0 (per unit volume of the undeformed solid skeleton) can obviously be expressed in terms of stress and strain tensors on any configuration, according to the following identities
where T (2) is the total second Piola-Kirchhoff stress in the reference configuration, K the total Kirchhoff stress tensor and e T ð2Þ is the total second Piola-Kirchhoff stress in the intermediate configuration, which is related to the other stress measures by well-known push forward and pull back relationships
l w is the chemical potential of the pore fluid, which is defined under isothermal conditions as follows:
where p w is the (positive) pore fluid pressure and 
The chemical potential l w of the pore fluid coincides with the free enthalpy per unit mass. It is worth mentioning that, in the case of an incompressible pore fluid (i.e. q w = q w0 and J w = 1), the pore pressure is indeterminate and, according to Biot (1972) , the chemical potential l w comes down to
As discussed below (Section 5), to deduce the basic structure of elastoplastic relationships for saturated porous media with compressible solid (and fluid) constituents, it is useful to consider the general form of the Clausius-Planck inequality. Under isothermal conditions, this inequality can be cast in the following form, with reference for instance to the stress and strain tensors on the intermediate configuration
where w 0 is the free energy density function (per unit volume of the undeformed solid skeleton), representing the stored energy associated with elastic deformations (Lee, 1969; Mandel, 1972) , so D int is the internal dissipation rate per unit volume of the undeformed solid skeleton. The general expression of the free energy density function of saturated porous media with compressible solid and fluid constituents proposed by Gajo (2010) will be extended to the context of irreversible deformations in Section 4.
The hyperelastic model taking solid phase compressibility into account
According to Biot (1972) and to the classical concepts of thermodynamics (e.g. Haase, 1969) , the free energy w 0 of the saturated porous medium (which is conceived as an open system from which the pore fluid can flow freely in and out) at finite strains under isothermal conditions depends on a 'strain measure and on the total mass of fluid added in the pores'. As a strain measure we can select the left Cauchy-Green strain tensor B e ¼ F e F T e or the elastic Green tensor in the reference configuration G e , defined as follows:
or the Green tensor of the elastic deformation e G e in the intermediate configuration which is obtained as the push forward of G e
where e C e ¼ F T e F e is the right Cauchy-Green tensor in the intermediate configuration.
Since the free energy density function per unit volume of the reference configuration represents the stored energy associated with elastic deformations (Lee, 1969; Mandel, 1972) , extending Gajo's proposal (2010) to the context of irreversible deformations, the free energy density function is subsequently assumed to depend on the elastic strain-like quantities e C e (or B e ) and m e w . In fact, the free energy of the saturated porous solid per unit volume of the undeformed solid skeleton can be expressed as 
According to Gajo (2010) , the expression of the free energy density function of the whole saturated porous medium is not the simple sum of the free energies of the single constituents and can be obtained from the constitutive equations of each constituent and from the behaviour of the solid skeleton, as follows: 
The two volume ratios consequently depend on total deformation quantities (namely J, J s ), not just on the elastic fractions (namely J e and J 
with J e sÀm the reversible volume change of the solid constituent due to intergranular contact stresses, and J e sÀf the reversible volume change of the solid constituent due to pore pressure. The total Kirchhoff stress within the solid constituent is assumed to equate to
where K 0s is the effective Kirchhoff stress within the solid constituent (induced by intergranular contact forces), thus from Eq. It is a good idea to emphasise the physical meaning of the free energy of the solid skeleton w sk 0 : this contribution can be evaluated by performing mechanical tests in which the pore fluid pressure of the saturated porous medium is kept constant (so that even at atmospheric pressure, p w = p w0 = 0). This means that the experiments for evaluating w sk 0 could be performed equally well on dry samples. As a result (see Gajo, 2010) , w sk 0 takes into account the macroscopic strains due to the following contributions: the strains of the solid skeleton (due, for instance, to the rearrangements of the solid grains in a granular medium) and the isochoric distorsions and volumetric strains of the solid constituents (e.g. the strains of the solid grains in a granular medium) due to the intergranular contact forces (which are related to K 0 vol Þ. In contrast, the volumetric strains of the solid constituent due to the fluid pressure are considered separately, in w Lu and Pister, 1975) denoted with B sÀf (see Fig. 1 ). In the same way, the plastic volume change due to the solid constit- 
where l p has an important physical meaning, since it equates to
and consequently represents the work needed to compress the pore fluid from the initial pressure p w0 = 0 to the current pressure p w (Biot, 1972 
Just to give a simple example of the approach proposed by Gajo (2010) , the following forms of free energy density will be considered 
with a defined by
representing the extension to large strains of the definition of 'effective stress' according to Nur and Byerlee (1971) 
The reversible and irreversible objective rates of strain-like quantities
From Eqs. (17) and (19), the rate of deformation tensor D can be additively decomposed into an elastic and a plastic component according to
in which the elastic and the plastic strain components are
Let us introduce the corresponding objective Oldroyd rates of the Green tensors e G e and e G p operating on the intermediate configuration
and e
Thus, from Eq. (52), the rate of the total deformation e G M ¼ F T e DF e can also be additively decomposed into
The following identities hold true
T e e C T e Þ; and e
As Lubliner pointed out (1990), there is no single definition for the 'plastic deformation rate' e G p
M
. For instance, one definition that has sometimes been adopted is e Haupt, 2000) . The assumption shown in Eq. (54) 2 has been adopted here, however, because -as discussed in Subsection Incompressible fluid and solid constituents of Appendix C -unlike other definitions, it gives consistent evaluations of the internal dissipation computed in terms of pore pressure by comparison with the internal dissipation computed in terms of chemical potential, when the fluid constituent is incompressible.
From the additive decompositions of D and e G M (Eqs. (52) and (55)), _ G can also be additively decomposed into
where _ G e and _ G p are the following pulled back quantities
As far as the variation in fluid mass content (per unit volume of solid skeleton in the reference configuration) is concerned, from Eqs. (5) and (7) we generally have
while for the elastic part and its rate, from Eq. (15), m
So, given the additive decomposition of the rate of variation of the fluid mass content,
from which we can deduce that 
Likewise, by time differentiating the hyperelastic constitutive law (see Gajo, 2010 , for details), _ e T ð2Þ is found to equate to
where e C e ¼ e C e iso þ e C e vol has the major (and minor) symmetries and is given in the Appendix B, and 
the time differentiation of the hyperelastic constitutive laws can be expressed in the following generalised matrix notation 
e . 
The formulation equivalent to the one proposed by Simo (1998) for single-phase media in the current configuration is therefore easy to recover from Eq. (76). 
Basic structure of the yield function and the plastic potential
Some useful hints about the basic structure of elastoplastic relationships for saturated porous media with compressible solid (and fluid) constituents can be deduced from the expression of the internal dissipation rate and from the principle of maximum dissipation.
Concerning the general form of the Clausius-Planck inequality (Eq. (26)), let us first observe that from the symmetry of K and e T ð2Þ and from Eqs. (17), (20) and (22) K
and
where the unsymmetric tensor e R ¼ e C e e T ð2Þ is usually referred to as the 'Mandel stress tensor'. Moreover _ w 0 can be written, for the sake of generality, as follows:
1 Alternatively, the approach proposed by Miehe (1994) for single-phase media (making reference to the Mandel stress e R and to e Le, as discussed in Section 5) can likewise be extended to two-phase media.
where the dissipative forces e T ð2Þ p and l p are defined in Eqs. (42) and (43) 
For the special choice of free energy density functions given in Eqs. (46) and (47) (77) and (78), different alternative forms of the internal dissipation rate can obviously be obtained. According to Haupt (2000) , prompted by the expression of elasticity relations in terms of the intermediate configuration, it is expedient to express all constitutive relationships of elastoplasticity in terms of dual stress and strain variables in the intermediate configuration. From the expression of the dissipation rate (Eq. (80)), it is convenient to assume the existence of a convex elastic domain defined in the generalised stress-space by a yield criterion as follows:
As a result, following Simo and Miehe (1992) , the generalisation of the principle of maximum dissipation (which requires that the internal dissipation D int is maximum) leads the evolution equation to have the following general form 
where _ k is the plastic multiplier acting as a Lagrangian multiplier, which satisfies the Kuhn-Tucker conditions. In the case of nonassociative plasticity, in the flow criterion (Eq. (83)), the yield functionf is replaced by a plastic potentialg.
In the general case of non-null plastic volume strains in the solid constituent ð _ J p s -0Þ, from Eqs. (42) and (43), the yield criterion and the plastic potential are reduced tõ f e T ð2Þ ; p w
where the arguments off andg have a strong physical meaning and are easily measurable. Like single phase media, the flow rule in Eq. (83) 1 does not define e L p completely, because the plastic spin f
Þ=2 is undetermined (e.g. Miehe, 1994) . A widely-used simplifying assumption is that f W p ¼ 0 (Simo, 1998) .
Alternative forms of the yield function and the plastic potential can be easily obtained from the equivalent expressions of the internal dissipation rate.
3
Remark 5.1. In the particular case of incompressibility of the solid constituents (i.e. _ J s ¼ 0Þ or in the case of null plastic deformations in the solid constituents (i.e. _ J p s ¼ 0Þ, from Eq. (45) the arguments of the yield criterion (Eq. (82)) and the plastic potential turn out to be e T ð2Þ À e T
p ¼ e T 0ð2Þ and l w À l p = 0, namelỹ f ð e T 0ð2Þ ; bÞ 6 0 andgð e T 0ð2Þ ; bÞ ¼ 0:
As a result, the yield function and the plastic potential do not depend on the pore pressure and can consequently be evaluated using experiments performed, for instance, at null pore pressures or even in the dry porous medium.
Consistency condition and the hyperelastoplastic rate equations
Due to the selected arguments of the yield function (Eq. (84) 
where e A p is defined in Eq. (74) and the coefficients c From the hyperelastic rate of constitutive equations (Eqs. (71) and (86)), the consistency condition (applied to the yield function given in Eq. (84)) turns out to be _ f ð e T ð2Þ ; p w =q w ; bÞ
; p w =q w ; bÞ
in which the first term can be rewritten as @f ð e T ð2Þ ; p w =q w ; bÞ
where e Q ¼ @f =@ e T
denotes the yield function gradient, e A e ¼ e C e þ e C À1 e e T ð2Þ þ e T ð2Þ e C À1 e and the symmetry of the yield functionf ð e T ð2Þ ; p w =q w ; bÞ has been taken into account (thus e Q and e T ð2Þ commute). We can thus deduce that 2 Given that e R Á e L ¼ K Á D, the internal dissipation rate (per unit volume of the solid skeleton in the reference configuration) due to the mechanical work (Eq. (80)) can be rewritten in the following equivalent forms
where the dissipative stresses K p , e Rp and T
p are related to e T ð2Þ p through the usual pushing forward/pulling back relationships.
3 From Eq. (81), the plastic potential and the yield function can be defined in terms of the Mandel stress tensor e R (namely gð e R; p w =q w ; bÞ ¼ 0 and f ð e R; p w =q w ; bÞ ¼ 0, see Miehe (1994) , for a complete definition of e Lp in single-phase media) or in the current configuration (namely g(K, p w /q w ,b) = 0 and f(K, p w /q w , b) = 0), or in the reference configuration (i.e. G(T
, p w /q w , b) = 0 and F(T (2) , p w /q w , b) = 0). This possibility for saturated porous media is exactly equivalent to what holds true in single-phase media.
where the symbol h i denotes the MacCauley brackets and the hardening modulus H amounts to
where e P ¼ @g=@ e T ð2Þ and h is deduced from
After inserting Eq. (89) in the elastic rate law (Eq. (73) 
where f distinguishes plastic loading (f = 1, forf ð e T ð2Þ ; p w =q w ; bÞ ¼ 0 and _ k > 0Þ from elastic unloading (f = 0, otherwise). Eq. (92) can be considered as a generalisation of the classical Prandtl-Reuss relationship of the geometric linear theory for single-phase media to finite strain multiplicative elastoplasticity for saturated porous media with compressible constituents. Due to the previously-mentioned elastoplastic coupling, the generalised tangent stiffness matrix is not symmetric even in the case of the associated flow rule (i.e. From Eqs. (64), (83 1 ) and (83 2 ), and bearing in mind Eq. (70) and J w = q w0 /q w , the rate of plastic volume compression of the solid constituent can be deduced as Eq. (92) is the extension to finite strains and non-null plastic volume change in the solid constituent of the rate equations proposed by Loret and Harireche (1991) for saturated porous media at small strains. This particular case is considered in the Appendix C (Subsection Geometric linearisation (small displacements and strains)).
Finally some basic aspects of the formulation of the constitutive relationships in the current configuration are briefly recalled in the Appendix D.
Conclusions
Starting from the general expression of the free-energy function of a saturated porous medium at finite deformations in the case of compressible fluid and solid constituents, and from the internal dissipation increment, the general expressions of the plastic potential and flow rule are deduced together with the general form of the consistency condition.
According to Biot (1972) , we can refer to an elementary volume moving with the solid skeleton, which is treated as an open system, where the fluid can flow freely in and out. The assumed independent strain-like variables are a suitable measure of the strain of the solid skeleton and the variation in the fluid mass content of the reference elementary volume. The corresponding stress variables are a suitable stress measure (which must be work-conjugate to the selected strain measure) and the chemical potential of the pore fluid.
The generalisation of the classical Prandtl-Reuss relationship of small strain elastoplasticity in single-phase media to finite strain multiplicative (for F) and additive (for the fluid mass content) elastoplasticity in saturated porous media with compressible constituents are thus provided. For this purpose, the plastic deformation rate needs a particular definition, otherwise we obtain inconsistent evaluations of the plastic dissipation computed in terms of pore pressure and chemical potential of pore fluid, when pore fluid is incompressible.
For the purpose of illustrating the method, the relationships are fully developed in a simple case of linear response in the logarithmic volumetric strain for the solid skeleton and the fluid constituent.
Finally, the particular cases of null plastic volume compression of the solid constituent, of incompressibility of the solid constituent, of incompressibility of both the fluid and the solid constituents, of semi-linear theory (in which the solid constituent is assumed to be nearly incompressible), and of geometrically linearised theory, are each analysed in detail in the Appendix C, thus recovering the approaches previously presented in the literature (based on some simplifying assumptions concerning the compressibility of the constituents) within the proposed unified framework and proposing new, simplified constitutive approaches (based on different assumptions from those used in the past).
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Appendix A. Balance equations
The large strain balance equations for a porous medium saturated with a single fluid are well known (Bowen, 1982; Prevost, 1980; Coussy, 1989 , for an overview see also Coussy, 1995) and are briefly recalled here for the sake of completeness. The balance equations considered here are only for the reference configuration B 0 (see also Gajo and Denzer, 2010 , for a more exhaustive presentation).
Let _ xðX; tÞ and € xðX; tÞ be the material description of the velocity and acceleration of the solid phase, respectively, while the material description of the relative velocity and acceleration of the fluid phase with respect to the solid phase are denoted with wðX; tÞ and _ wðX; tÞ. As a result, in the reference configuration B 0 , the Piola-Kirchhoff mass flux is defined as
For a porous material that is hydraulically isotropic in the reference configuration, according to Darcy's law we have
where l w is the chemical potential of the pore fluid (defined in Eq.
(23)), K 0 D is the hydraulic conductivity with the dimensions of a velocity, g is the gravity acceleration and U is the body force potential per unit mass (thus b 0 = ÀGrad U, where b 0 is the body force per unit mass in the reference configuration).
The mass balance equation in the reference configuration B 0 (as written by Biot, 1972 and later by Bowen, 1982) is
ðA:3Þ
For an elementary volume moving with the solid phase, the momentum balance equation for the whole porous medium in the reference configuration B 0 is
where S is the total first Piola-Kirchhoff stress tensor (S = KF ÀT with K the total Kirchhoff stress tensor). Equivalently, the momentum balance equation for the pore fluid in the reference configuration B 0 is As in the previous case, the internal dissipation rate (per unit volume in the reference configuration) due to the mechanical work (Eq. (80)) has the same expression as Eq. (C.2). In this case, the relationships given in Subsection Null plastic volume compression of the solid constituent are still valid, so -taking account that a = 1, a = 0, b = 1, r = 0, and c Ã e ¼ c e þ q w Jd e ¼ 0, we obtain which is symmetric if the flow rule is associated (from Eqs. (74), (C.10), (B.11), (C.7)). This result is consistent with the usual approach adopted in the literature for the constitutive modelling of saturated porous media with incompressible solid constituents, according to which the yield function and the plastic potential are formulated in terms of the effective stress. where Q = @f/@r 0 , P = @g/@r 0 and H ¼ Q Á C 0 e ½P þ c 0 e ðI Á Q ÞðI Á PÞ þ h. Here again, the generalised tangent stiffness is obviously symmetric (in fact c 0 e ¼ c e þ d e Þ for an associated flow rule (i.e. f = g, implying that P = Q). The formulation proposed by Loret and Harireche (1991) is thus fully recovered.
Finally, the case of incompressible solid constituents at small strains (i.e. _ s -0Þ is straightforward and is not considered here.
